The affine and Euclidean normalizers of the subperiodic groups are derived and listed.
Introduction
Informally, a normalizer of a symmetry group can be thought of as the symmetry group of that symmetry group, i.e. it is the set of transformations that map the group into itself. For instance, with the point group 222 which consists of three perpendicular 2-fold rotation axes, a 90 degree rotation about one of the 2-fold axes would not change the group. Similarly, mirroring across planes perpendicular to one of the 2-fold axes would not change 222. Taking all such operations together, we would find that the group ̅ is formed. That is to say that ̅ is the orthogonal normalizer group of 222.
Formally, a given group and a subgroup of , the normalizer group of in is the subgroup of composed of every element in for which 1 (Boisen et al., 1990; Opechowski, 1986; Hahn, 2006; Koch et al. 2006) . Note that it is not necessary for every element in to satisfy , just as a whole. The normalizer group of in will be denoted .
1 Note that expressions such as where is a set or a group and is a transformation should be interpreted as applying to every element in , i.e. .
The affine normalizer group of a space group is the normalizer group of that space group in the group of affine transformations. Likewise, the Euclidean normalizer group of a space group is the normalizer group of that space group in the group of Euclidean motions. The group of affine transformations will be denoted and the group of Euclidean motions will be denoted . When discussing the rod and layer groups, and will refer specifically to the affine and Euclidean groups of three-dimensional Euclidean space. When discussing the Frieze groups, they will refer to the affine and Euclidean group of two-dimensional Euclidean space. To avoid excessive notation, context will distinguish the two and three dimensional cases.
It has been suggested that our listing of the double antisymmetry space group properties and diagrams (Huang et al. 2014) should include the double antisymmetry subperiodic groups similar to
Litvin's listing of the 1-, 2-, and 3-dimensional magnetic space and subperiodic groups (Litvin 2013 ).
This was not possible because the types of double antisymmetry subperiodic groups are not known and the method of evaluating proper affine equivalence discussed by VanLeeuwen et al. (2014) requires using the affine normalizer groups. Thus, the motivation for the present work, in addition to the value of the normalizer groups themselves, was to make it possible to use this method for the subperiodic antisymmetry groups. Although listing the Euclidean normalizers is not necessary for this purpose, it is a result that may be of some interest to others and we have therefore extended the results to cover this as well.
Affine normalizers of a translational subgroup
In space groups and subperiodic groups of every dimension, every element is composed of a distancepreserving linear transformation and a translation, such a transformation is called a motion or a Euclidean motion. A motion is a special type of the more general affine transformations. Affine transformations are composed of linear transformations and translations. Affine transformations, unlike motions, do not require the linear part to be distance preserving; hence . In the present work, affine transformations (and motions as a special case) will be denoted in Seitz notation as ⃗ where is the linear part and ⃗ is the translation vector.
The product of affine transformations ⃗ and ⃗ can be written in Seitz notation as
The inverse of an affine transformation ⃗ must therefore be ⃗ ⃗ . Similarity transformations can be performed using these Seitz notation expressions.
The similarity transformation of a pure translation (an affine transformation with identity for the linear part) by an affine transformation is also a pure translation. This is easy to prove by showing that and ⃗ ⃗⃗ . Thus for { ⃗ ⃗ } to be an element of , c must be the zero matrix and n must be a matrix of integers. Furthermore, because the volume of the subperiodic unit cell must be conserved. Given that c must be the zero matrix, we can also find that, in order to guarantee invertibility, must be non-zero, because | | .
Thus, the elements of are simply the augmented matrices with the following form:
where n is a p-by-p submatrix of integers with , is a -by-( ) submatrix of real numbers, is -by-( ) submatrix of real numbers with , and ⃗ is the translational vector whose coordinates are real numbers. A different approach to deriving normalizers of crystallographic groups was discussed by Boisen et al. (1990) . One of the main differences is that Boisen et al. start from the point group normalizers, noting that the linear part of an element of a space group normalizer must be an element of the normalizer of its point group. This would not be a significant benefit for deriving the subperiodic group normalizers because it would only constrain the p-by-p submatrix of integers.
Affine normalizers of subperiodic groups
The problem of computing the normalizer of a group will be simplified by considering the quotient of with respect to its translational subgroup . is factored by into a set of cosets:
where through is an indexed set of coset representatives (the identity motion will be selected for In this section, we will demonstrate how can be solved for with a specific example:
, the 23 rd type of layer group. For this group, There are 4! = 24 permutations of , but most are not automorphisms and even fewer preserve conjugacy on . Checking the additional permutations is not necessary but will not affect the results.
For this group, 24 permutations is computationally tractable but for other groups the number of permutations is too large. For instance, with , and ; clearly brute force computing this many permutations is not going to be possible! The condition that conjugacy on needs to be preserved means that the only permutations of that need to be considered are the identity permutation and the transposition of and (in this case, the invariance of the eigenvalues would have been enough to eliminate the other 22 permutations). These two permutations are depicted in Figure 2 . Thus, the affine normalizers have to satisfy the conditions (1), (2) and either (3a) or (3b): 
Repeating this process for the other conditions gives the solution for the affine normalizer:
The values of the 's are independent.
Since { } is closed under conjugacy in and generates , it would have been sufficient to use the conditions relating to these.
Euclidean normalizers of subperiodic groups
Since the Euclidean normalizers are subgroups of the affine normalizers, in order to find the Euclidean normalizer of each subperiodic group , we need only consider which elements of each affine normalizer preserve the distance metric , i.e. which ⃗ satisfy :
{ ⃗ }
This expression comes from defining Euclidean length of a column vector as √ . For each symmetry group, there are constraints on the metric that must be satisfied in order for it to be consistent with the symmetry, e.g. in a cubic symmetry group is the identity matrix times the square of the lattice constant on the standard basis. When these constraints and no others are satisfied, the metric is considered "general". Special metrics that are more constrained than the general metric need to be considered for some of the layer groups.
Example: L1, p1
For p1, the most general type of metric is an oblique metric which is expressed on the standard crystal basis as:
where a and b are the lengths of the unit cell vectors and is the angle between them. The "1" in the final position indicates that a vector of unit length and orthogonal to the lattice vectors has been chosen as the arbitrary third basis vector. The affine normalizer of p1 is:
We can find which of these satisfy by solving for the and values that solve
for all real values of a, b, and γ. The result is
The Hermann-Mauguin symbol for this Euclidean normalizer group is , which is similar to space group but with continuous translational symmetry.
For the special case of p1 where the unit cell is square, and , the metric is ( ) For this special metric, the Euclidean normalizer group of p1 is . The square lattice is invariant under four-fold rotation whereas the oblique lattice was not.
Normalizer Tables
Using the methods described in the present work, the affine and Euclidean normalizers of the subperiodic groups were derived and listed. To help validate our methods, the space group affine normalizers were computed and the results matched the listing found on the Bilbao Crystallographic Server. The normalizer tables for the Frieze, layer, and rod groups have been made to resemble the format of the space group and plane group normalizer tables given in the International Tables for   Crystallography Vol. A. Each subperiodic group from the International Tables for Crystallography Vol. E (Kopský & Litvin, 2006 ) is listed sequentially in each table with a number and a Hermann-Mauguin symbol for each. Additionally, for the layer groups, special metric types were considered for cases where the results differ from a general metric.
After the columns specifying the subperiodic group, the Euclidean normalizer is given by a symbol and the basis vectors for the symbol in terms the subperiodic group's basis vectors. For cases where the Euclidean normalizer is a crystallographic group, this group is given with the standard symbol.
For cases where it is not, a generalization of the standard symbol is given, e.g. is given as . When the Euclidean normalizer contains continuous translation, a superscript number on the centering symbol denotes how many independent directions are continuous, e.g. contains continuous translation along the rod axis and thus is given as . The standard choice of origin occurred for all Euclidean normalizers of the subperiodic groups except for three: layer groups 52, 62, and 64. In these cases, the symbol for is given as to indicate that the origin is at a point with site symmetry rather than the standard origin.
Following the Euclidean normalizer, a set of additional generators are given which, when added to the generators of , can be used to generate . The choice and description of additional generators was made to match the normalizer tables given in the International Tables for Crystallography   Vol. A (Hahn, 2006; Koch et al. 2006 ).
The final column gives the index of in . This is factored in the same way as in the normalizer tables given in the International Tables for Crystallography Vol. A: the first number accounts for additional translational symmetry (we have factored this further into components that are perpendicular and parallel to the periodic subspace of ), the number in the second position is 2 if either inversion (rod and layer groups) or two-fold rotation (Frieze groups) is gained, otherwise it is 1, and the number in the final position is the remaining factor once the first two positions are accounted for. In the cases where continuous translation or continuous rotation is gained, appears in the factored index.
As is the case with the monoclinic and triclinic space groups, the affine normalizers of the subperiodic groups are not isomorphic to the Euclidean normalizers of any specialized metric. It is for this reason that Hermann-Mauguin symbols have not been given for the affine normalizers of the subperiodic groups. Instead, only the matrix representations of the elements of the affine normalizers of the subperiodic groups are listed.
The file "SubperiodicGroupNormalizersMachineReadableFiles.zip" contains the text files with matrix representatives of the elements of the affine and Euclidean normalizers for each subperiodic group.
This file is given in the supplemental materials. The purpose of these text files is to allow the matrix representations of and for any subperiodic group to be easily parsed by a computer program.
Each normalizer listed in these text files starts with a single number on the first line giving the subperiodic group number. In the case of the Euclidean normalizers of the layer groups, the metric is also subspace. There are non-numeric entries that are a letter followed by a number, such as "r1". These entries represent any real number if the letter is "r", any integer if the letter is "n", and any real number greater than or equal to zero and less than one if the letter is "x". The Mathematica file "Load Zipped SubperiodicGroupNormalizersMachineReadableFiles.nb" has also been provided in the supplemental materials. This file will parse the normalizers directly from the zip file. 
